PHYSICAL INTERPRETATION AND STRENGTHENING OF M. H. PROTTERS METHOD FOR VIBRATING NONHOMOGENEOUS MEMBRANES; ITS ANALOGUE FOR SCHRODINGER'S EQUATION JOSEPH HERSCH
The origin of this work lies partly in M. H. Protter's method [7] , [8] , partly in two papers [3] , [5] , developing the idea, found in PayneWeinberger [6] , of auxiliary one-dimensional problems; the physical interpretation in § 3 rejoins that of [2] and [4] , l
We consider the first eigenvalue λ x of a nonhomogeneous membrane with specific mass p(x, y) ^ 0 covering a plane domain D and elastically supported (elastic coefficient k(s)) along its boundary Γ:
Δu + Xρ (χ, y) (x,y) (first eig en function, satisfying Δu x + X ι pu ι = 0). In the opposite direction, we are here in search of a Maximum principle for X lf from which we could calculate lower bounds.
2. Let us consider in D a sufficiently regular vector field p (we shall discuss presently what discontinuities are allowed), satisfying the condition
Let us integrate this inequality:
whence the lower bound
We have equality if (and only if) p --graduju^ whence the Maximum principle
Allowed discontinuities (see also [5] Two properties of a "good" concurrent vector field: One should try to construct p such that p n = k(s) along Γ and (div p -ψ)lp = const in D (such is the case for the extremal field -grad^i/Ui); the examples calculated in [5] show that such a "good" field may be easy to construct.
REMARK. For a fixed boundary (u -0 along Γ), k = oo and condition (1) falls off.-A "good" field will then be singular along Γ. 
; dn 10 along the cuts;
/ > 0 in D. Thus, our function / is the first eigenfunction of the vibrating slice Dj with specific mass p, free along the cuts and with elastic coefficient k on Γ ? ; its first eigenfrequency is 1, because Δf + 1 pf = 0: this proves the theorem and justifies our physical interpretation of (2).-The light in which the Maximum principle is viewed here, is in agreement with [2] and [4] . 
For a membrane with fixed boundary, Condition (1) falls off, so we have by (2) 
This is M. H. Protter's inequality [7] , [8] (if we write 1 = {P, Q}) -although he requires P(x, y) and Q(x, y) to be C 1 in D, which is unnecessarily restrictive (cf. also [5] and [3] ): P might be discontinuous in y and Q in x. (4) to comparison theorems between ground eigenfrequencies of two nonhomogeneous membranes spanning the same domain D.
Critical remark.-In the proof of (4) we neglected the positive term grad 2 α/4α 2 : equality is impossible in (4) unless a(x, y) = const, in which case (4) reduces back to (2) with p = ΐ/α. 5. Strengthening of Protter's inequality* Let first (a little more u neglected.-If, for example, we take ? == 0, we get an inequality of
The expression in square brackets in (6) is larger than that in (4) , because 
We now introduce b -u λ (x f y) into (6): Clearly, v and t are proportional to ε. Thus,
) .
(7) and (7') give
The first perturbation calculus gives \ = λ^ + εQ; we thus verify that this is the tangent to the exact curve X 1 = λ^ε). (9) According to § 3, the nonhomogeneous membrane (a) has ground eigenfrequency ^ 1; each infinitesimal mass of the system (b) vibrates with the exact frequency ω = 1, as this mass is equal to the spring coefficient.-Therefore 1 is the ground eigenfrequency of the system (a) + (6) .
Small variation of the specific mass p(x, y).
By superposing D a and D b and welding, in each point (x, y), the two masses there placed, we synthesize a nonhomogeneous membrane with specific mass W(x, y) + div p -p 2 , elastic coefficient = p n along Γ, and "interior springs" W(x,y).-As the addition of supplementary constraints (welding!) can only make the ground eigenfrequency higher ( [1] , p. 354), our "synthetic" membrane vibrates with a ground frequency ^ 1.
Consider now the homogeneous membrane with specific mass = inf D [W(x, y) 
, elastic coefficient k(s) along Γ, and the same "interior springs" W(x,y); this membrane has smaller masses and greater constraints: therefore ( [1] , pp. 354 and 357), its ground frequency is a fortiori ^ 1.
As our initial membrane [specific mass = λf, elastic coefficient = k(s); interior springs W(x,y)] has ground eigenfrequency 1, its specific mass
, which explains (11).
(Analogous to § 5): Let p = Agr^d b
we get (12) where adequate boundary restrictions must be imposed on the concurrent vector fields t (x, y, z) and scalar fields b(x, y, z).
An application.-Small variation of the potential] boundary conditions on the surface
Boundary conditions to be satisfied by t and b:
First case:
W(x, y, z) , k(X); X lf u^x, y, z).
Second case:
W (x, y, z) = W(x, y, z) + ew(x, y, z) , k{X) = k(X); \, u^x, y, z) . -w) ; there exists such a vector field ΐ: we can even impose that it be a gradient field; t is proportional to ε.
(13) and (13') give
The first approximation \ = λ x + εί7 of the perturbation calculus is, as we see, the tangent to the exact curve λ^ = λ^ε).
Post-scrίptuiru For the case fc = oo and /o = 1, the inequality (2), written for the components p = {9>(a;, 1/), ψ(x, y)} instead of vectorially, was known (except for the allowed discontinuities) to E. Picard as early as 1893: Traite d'Analyse, t. II, p. 25-26, and to T. Boggio: SulΓ-equazione del moto vίbratorίo delle membrane elastiche, Atti Accad. Lincei, ser. 5, vol. 16 (2° sem., 1907) , 386-393, especially p. 390.-They also chose φ and ψ to be continuous in the domain, which is criticized here and in [5] as an unnecessary restriction.-In contrast with M. H. Protter, both Picard and Boggio seem to have under-estimated the importance of inequality (2) Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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